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Abstract
Given a torsion-free sheaf F on P2 the natural morphism from the versal deformation of F
to the product of the versal deformations of the various germs at the singular points (the points
where F is not locally free) is formally smooth, under suitable hypothesis (e.g. if F is stable).
When studying deformations of such sheaves, a natural approach is thus to start with the local
problem, namely deformations of torsion-free k[[x; y]]-modules.
In this context, we dene a stratication of the singular locus in the base space of a versal
deformation of a torsion-free k[[x; y]]-module. This is achieved by projecting a \Fitting" strati-
cation of the total space. We show that the various strata are irreducible and we identify the
corresponding \generic" singularities. They are of the type mp  mpmp+1  mp+1,
with m the maximal ideal of k[[x; y; ]]. Having nished the local study, we apply the results to
stable torsion-free sheaves on P2. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: 14F05; 13D10
This note is motivated by the study of local deformations of singularities of torsion-
free sheaves on P2 (or more generally on any smooth projective surface). An ultimate
goal would be to nd a \satisfying" stratication of the locus parametrizing nonlocally
free sheaves, say in the moduli space of stable torsion free sheaves. We consider here
the local number of generators at the singular points.
Given a torsion-free sheaf F on a smooth projective surface Y , its singularity set
(namely the locus whereF is not locally free) is zero dimensional. When one localizes,
a deformation ofF induces a deformation of the various germs at the singular points. If
H 2(Y;Hom(F;F)) vanishes, then the induced morphism from the versal deformation
of the given sheaf to the product of the versal deformations of the various germs at
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the singular points is formally smooth (cf. Proposition 1.4). This happens, for instance,
in the case of a stable torsion-free sheaf on P2.
It is thus natural to start with the local problem, in other words, to study the defor-
mation theory of torsion-free modules over two-dimensional regular local rings. Notice
also that completing is harmless (cf. Remark 1.3), and thus one is led to study defor-
mations of torsion-free modules over the power series ring in two variables k[[x; y]].
This is our approach in this note.
When studying deformations of sheaves of modules on a given ane scheme, one has
to be careful: unpleasant things can happen. One problem is that one can deform a free
module to a projective nonfree module (think for instance of an elliptic curve minus
one point; it has a nontrivial Picard group), although this will not be a problem when
the ane scheme is the spectrum of a local ring. Another problem is that singularities
may be coming from innity. We do not want to see them, in our picture.
A solution to both these problems is to alter slightly the denitions, by taking as
the total space for a deformation the completion of the usual product along the special
ber. This setting is explained in the beginning of the rst section, where the relevant
groupoid is dened, and the existence of a versal object recalled.
After these preliminaries, we dene the singular locus in the base space of a defor-
mation, together with a stratication of this locus. This is achieved by projecting the
singular set of the total module, together with its Fitting stratication, from the total
space to the base space. Since we have completed the total space along the special
ber, we do not get unwanted contributions from singularities coming from innity.
In the next section, we show that in the case of a versal deformation of a torsion-free
k[[x; y]]-module, this yields an irreducible and reduced stratication (cf. Theorem 2.2).
The key ingredient is the following fact: any deformation of a given module is in-
duced from a morphism from the total space to a germ-of-matrices space (by lifting
a presentation matrix of the given module). We show that in the case of a versal
deformation of a torsion-free k[[x; y]]-modules, this morphism is formally smooth (cf.
Proposition 2.1).
In the next section, we turn to the study of the projection morphism. We show that it
induces a birational morphism onto its image, on each of the strata (c.f. Theorem 3.1).
Of course, our stratication is not the ultimate one. An interesting project would be to
take into account the various degeneracy loci of this projection morphism (a la Thom{
Boardman) to obtain a rened and more satisfying stratication. In particular it would
be interesting to understand what algebraic invariants would be recovered in this way.
By the results of the third and fourth sections, we know that the generic point
of each stratum corresponds to a module with precisely one singularity. In the nal
section, we identify these generic singularities. We show that they are modules of the
type mp      mp  mp+1      mp+1 (cf. Proposition 4.3 and Theorem 4.4),
with m the maximal ideal of k[[x; y]]. We deduce from this, that a stable torsion free
sheaf with s singularities with a given number of local generators generalizes, without
\breaking" any of the singularities, to a torsion-free sheaf with s singularities, each of
them generic for this number of generators (cf. Corollary 4.5). As a corollary, we show
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that the locus, in the moduli space of stable torsion free sheaves, of all the sheaves
with a xed number of distinct singularities with xed number of local generators is
irreducible (cf. Corollary 4.6).
1. Deformations of sheaves of modules on ane schemes
1.1. Preliminaries
Throughout this note, k will denote an algebraically closed eld of arbitrary charac-
teristic.
We consider an ane scheme X =SpecOX , where OX is a k-algebra (we will
eventually specialize to OX = k[[x; y]]). We will denote by C the category of com-
plete noetherian local k-algebras. Given an object in C, we will denote by (S; s) the
corresponding local scheme (i.e. S =SpecOS with OS in C, and s is the unique closed
point with corresponding maximal ideal, say mS).
We will denote by XS the scheme SpecOXS , where OXS is the completion of the tensor
product OX ⊗k OS at the ideal OX ⊗kmS (the ideal of the special ber X S Spec k(s) in
the product X  S). We will call such an (S; s) a base space and XS will be the corre-
sponding total space. Note that by the Cohen Structure Theorem, we know that OS is of
the form k[[T1; : : : ; Tq]]=I ; it follows that OXS is isomorphic to OX [[T1; : : : ; Tq]]=IOX [[T1;
: : : ; Tq]].
Denition 1.1. (a) Let M be a OX -module and let (S; s) be a base space. A deforma-
tion of M with base (S; s) is a nite OXS -module M at over S together with a xed
isomorphism Ms :=M⊗OS k =M .
(b) Two deformations M and M0 are isomorphic if there is an isomorphism of OXS -
modules ’ :M!M0 inducing the identity on M via the xed isomorphism above.
(c) Given a morphism  : (S 0; s0)! (S; s) of base spaces (i.e a local homomorphism
of rings OS !O0S), and a deformation M with base (S; s), the lifting  M is given by
the module M⊗OXS OXS0 .
(d) A morphism between two deformations M and M0 with bases (S; s) and (S 0; s0)
is a morphism of base spaces  : (S; s)! (S 0; s0) together with an isomorphism between
 M0 and M compatible with the isomorphisms of Ms and M0s0 with M .
The deformations of a given OX -module M (with liftings and morphisms as above)
yield a (co)bered groupoid (see [1] or [7] for the denition) DefM=k!C. If we
denote by DefM () the corresponding deformation functor (i.e. DefM (OS) is the set of
isomorphism classes of deformations with base (S; s)), the tangent space to this functor
DefM (k[]) is isomorphic to Ext
1
OX
(M;M). To a deformation M of M with base (S; s),
we can associate a Kodaira Spencer map TsS!Ext1OX (M;M) where TsS is the Zariski
tangent space to S at s.
A deformationM of the OX -module M with base (S; s) is called versal if the follow-
ing property is satised: let M0 and M00 be two deformations of M with bases (S 0; s0)
and (S 00; s00) respectively; let  : (S 0; s0)! (S 00; s00) be a morphism betweenM0 andM00
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which is a closed immersion and let  : (S 0; s0)! (S; s) be a morphism between M0
and M. Then there exists a morphism  : (S 00; s00)! (S; s) between M00 and M such
that the morphisms of deformations  and    coincide.
A deformation is called semi-universal if it is versal and its Kodaira{Spencer map
is bijective. The following result follows, for instance from [8].
Proposition 1.2. If M is a nite OX -module locally free outside a nite set; then M
has a semi-universal deformation.
Note that in our case, with our denition of a deformation, the result is much easier
than in [8], where deformation were dened on the henselizations of the product along
the special ber, whereas here, we just dene them on the completion of the product
along the special ber, and do not worry about algebraization.
Remark 1.3. Let OX be a local ring and M a nite OX module. Suppose that M is
locally free over the punctured spectrum. We have then an equivalence between the
deformation theory of the OX -module M and the deformation theory of the bOX -modulebM (=M ⊗OX bOX ). Indeed, as the modules Ext iOX (M;M) are of nite length for positive i,
there are isomorphisms
Ext ibOX ( bM; bM)=Ext iOX (M;M)⊗OX bOX =Ext iOX (M;M) for i>0;
and one nds that an induced map between the bases of the corresponding semi-
universal deformations has to be an isomorphism (as it induces an isomorphism of
tangent and obstruction spaces).
Recall nally the following well-known fact which we will be using implicitly,
namely that, with the above notation, an OXS -module M is at over S if and only if
any given free OX -resolution of M lifts to a free OXS -resolution of M.
1.2. Global=local
Let Y be a projective k-scheme and let F be a sheaf of OY -modules. Consider a
deformation of F parametrized by a pointed k-schemes (Z; z) (i.e. a coherent sheaf G
of OYZ -modules at over Z , such that GjYz =F). Given a closed point y of Y , we
obtain, by localizing and completing, a deformation of M = bFy(=Fy ⊗OY; y bOY;y), as in
Denition 1.1 (with X =Spec bOY;y; S =Spec bOZ; z ; XS =Spec bOYZ; (y; z) and M=G(y; z)
⊗OYz; (y; z) bOYZ; (y; z)).
In particular, given a sheaf F of OY -modules and a nite number of closed points
fy1; : : : ; ysg, we have natural transformation
DefF()!
Y
DefbFyi ();
where DefF() denotes the deformation groupoid for F. This maps associates to a
deformation of F the various local deformations.
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Proposition 1.4. Let Y be a smooth projective surface; and let F be a torsion-free
sheaf; locally free outside fy1; : : : ; ysg. Then the map
DefF()!
Y
i=1s
DefbFyi ()
is formally smooth if H 2(Y;Hom(F;F))= 0.
Proof. Since F is torsion free, the sheaf Ext2(F;F) is zero. The local to global
spectral sequence
H i(Y;Ext j(F;F)))Ext i+j(F;F)
yields thus an exact sequence
0!H 1(Y;Hom(F;F))!Ext1(F;F)!H 0(Y;Ext1(F;F))
!H 2(Y;Hom(F;F))!Ext2(F;F)!H 1(Y;Ext1(F;F))! 0:
Moreover, since F is torsion-free, we also have
H 0(Y;Ext1(F;F))=
M
i=1; :::; s
Ext1( bFyi ; bFyi);
H 1(Y;Ext1(F;F))= 0:
In other words, the condition H 2(Y;Hom(F;F))= 0 implies that Ext2(F;F)= 0 (i.e.
DefF() is smooth) and that the tangent map Ext1(F;F)!
L
i=1; :::; s Ext
1( bFyi ; bFyi)
is surjective. From this, the claim easily follows.
Remark 1.5. Note that the cohomological condition in Lemma 1.4 is satised if F is
a semi-stable sheaf on P2. Indeed, since H 2(P2;Hom(F;F)) and H 2(P2;Hom(F__;
F__)) are isomorphic (with F__ the bidual), it suces to check it on F__. Since
F__ is semi-stable as well, and locally free, this is easy, for instance with Serre
Duality.
A similar argument shows that a torsion free sheaf F whose restriction to a gen-
eral line is rigid (i.e. Ext1Ol(Fjl;Fjl)= 0, with l a general line in P2) also satises
H 2(P2;Hom(F;F))= 0. Indeed, the bidual F__ is then a prioritary sheaf (i.e. sat-
ises Ext2(F__;F__(−1))= 0, for more on prioritary sheaves compare [5]). This
follows, for instance, from Proposition 1.2 of [5]. From this, the statement follows as
above (this was pointed out to us by C. Walter).
On the other hand, one may wonder whether any prioritary sheaf on P2 automati-
cally satises H 2(P2;Hom(F;F))= 0 (note that a semi-stable sheaf is prioritary, by
Serre duality). This is wrong, as shown by the following example: set F=I(n)O,
where n is an integer  3, and I is a sheaf of ideals of a zero-dimensional sub-
scheme of P2 with H 0(P2;I(n−2))= 0 (for instance n=3 and I the sheaf of ideals
of 3 points not on a line). One can check, using Serre duality and the isomorphisms
Hom(I;I)=Hom(I;O)=O, that F is prioritary, but that H 2(P2;Hom(F;F)) is
nonzero.
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1.3. Stratication of the singular locus
Given a scheme Y and a coherent sheaf of OY modules F on Y , one can dene
the Fitting sheaves of ideals Fittk(F). Recall that if Y is ane, say Y =Spec A, and
given a presentation
Am
’−!An!F
then Fittk(F) is the ideal generated by the (n− k) (n− k) minors of the matrix ’
(for more on the Fitting ideals, see, for instance, [2]). If F has a rank, say r, then the
reduced scheme associated to Fittr(F) is the set of points where M is not a vector
bundle, and hence, in that case, we will denote by Sing(F) the scheme dened by
Fittr(M).
In what follows, we dene the singular locus in the base space of a deformation, and
a stratication of this locus. It will be obtained by projecting the singular set Sing(M),
with its Fitting stratication, from the total space to the base space.
Lemma 1.6. Let M be a OX -module of rank r; with Sing(M) nite over k and let M
be a deformation of M with base (S; s). The morphism Sing(M)! S; induced from
the natural projection XS ! S; is then a nite morphism.
Proof. The locus Sing(M) is dened by the ideal Fittr(M), while Sing(M) is dened
by the ideal Fittr(M). Let ’ be a presentation matrix for M . By atness there is a
presentation matrix  which is a lifting of ’.
In other words, if we set B=OXS =Fittr(M), we have that B=mSB=OX =Fittr(M)
which, by hypothesis, is nite over k. The lemma follows now, for instance, from
Theorem 8.4 of [6], since B is separated for the mSB-adic topology.
Remark 1.7. Note that the result would be wrong if the total space for our defor-
mations was just the usual product, as components of the singularity set in the total
space could well go to innity and not meet the special ber. Consider for instance,
the module M, dened by the exact sequence
0!OXS
0@ 1+x⊗ty
0
1A
! O3XS !M ! 0;
with X =Spec k[[x; y]] and S =Spec k[[t]]. One has that Sing(M) is dened by the
ideal (1 + x⊗ t; y), while M=tM is free. But the map k[[t]]! k[[x; y]]⊗ k[[t]]=(1 +
x⊗ t; y) is not nite, as 1 + x⊗ t is not invertible in k[[x; y]]⊗ k[[t]].
Denition 1.8. Let M be a deformation with base (S; s), of the OX -module M of
rank r.
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(a) The closed subscheme of S (reduced) image of the nite map Sing(M)! S is
the singularity locus of the deformation.
(b) For k  r we will denote by Wk the subscheme of the total space dened by
Fittk(M) and by Zk its (reduced) image by the nite map above.
Remark 1.9. (a) If r is the rank of M , then Zr is just the singularity locus of the
deformation and there are inclusions Zk+1Zk , for k  r. In other words this yields a
stratication of the singularity locus.
(b) In the case where the deformation is induced from a sheaf G on Y Z with
Y and Z of nite type over k, as in Section 1.2, the singularity locus is obtained by
projecting to the germ of the base at z all the germs of the components of Sing(F)
which go through the point (y; z). A similar remark holds for the other strata.
(c) Given a deformationM of M with base (S; s) and a morphism  : (S0; s0)! (S; s);
the reduced schemes Z 0k and 
−1(Zk) coincide. On the other hand, there is a scheme
structure on Zk which is natural with respect to liftings: if  denotes the projection
XS ! S, just take, as a dening ideal, the ideal Fitt0(OWk ), where Wk is dened in
XS by Fittk(M). One could also try to rene the stratication of the singular locus, by
taking into account the degeneracy loci, or multiple points loci of projection morphism
(a la Thom{Boardman).
2. Deformations of torsion-free k<x; y=-modules
From now on, we will set X :=Spec k<x; y=; and we will simply write O for OX =
k<x; y=. We will study the above stratication in the case of the semi-universal defor-
mation of a given torsion-free O-module M , and show that all the strata are irreducible.
Note that the singularity locus Sing(M) is always nite, and hence we can apply
Lemma 1.6. By the Auslander{Buchsbaum theorem we know that M has a minimal
resolution
0!On ’−! On+r !M ! 0;
where r is the rank of M . Consider now a deformation M of M with base space (S; s).
Note that if S is of the form Spec k<T1; : : : ; Tq= =I , the total space XS is then of the form
Spec k<x; y; T1; : : : ; Tq= =I , and, in particular, is also a local scheme.
By atness, M has a resolution
0!OnXS
−! On+rXS !M! 0;
where the matrix  is a lift of the matrix ’. We will denote by bM the local scheme
Spec k<xij=, i=1; : : : ; n + r; j=1; : : : ; n. We can thus use  to associate to any defor-
mation a morphism
XS ! bM:
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Note that this map is only well-dened up to the action of GLnGLn+r on bM, but
one can check that this will not be a problem in the considerations below.
Proposition 2.1. Let M be a versal deformation; with base (S; s); of the torsion-free
O-module M. Then the induced map XS ! bM is formally smooth.
Proof. Note that any versal deformation is induced from a semi-universal deformation
via a smooth morphism of the bases. So it suces to establish the claim in the case
of a semi-universal deformation.
Since M is a torison free O-module, we know that the module Ext2O(M;M) vanishes.
This implies that the base space (S; s) of a semi-universal deformation is smooth. Hence,
in order to establish the claim, we just have to show that the tangent map, between
the Zariski tangent spaces (at the unique closed points)
TXS ! T bM;
is surjective. Note that we have an isomorphism TXS = TX TS.
Recall that we have an identication TS =Ext1O(M;M). In general, given a ring A
and a A-module N with a projective resolution L!N , one can interpret ExtiA(N; N )
as the homotopy classes of maps from L to L[i] (the shifted resolution). In our case
we have a very simple resolution
0!On ’−! On+r !M ! 0:
We have thus an identication
Ext1O(M;M)=HomO(On;On+r)=W;
where W consists of all f in HomO(On;On+r) of the form f= u ’− ’  v where u
is in HomO(On+r ;On+r) and v is in HomO(On;On).
Given a basis, say fv1; : : : ; vqg of Ext1O(M;M), we can describe a semi-universal
deformation M of M as follows: by the above identication, each of the vi can be
represented by an element fi of HomO(On;On+r). A resolution of M is then
0!O<T1; : : : ; Tq= n −! O<T1; : : : ; Tq= n+r !M! 0;
where =’+
P
Tifi.
In other words the map in the statement of the lemma is just given by the functions
’ +
P
Tifi. Hence, its composition with the inclusion of S in XS is given by the
functions ’(0) +
P
Tifi(0).
In other words, the tangent map to this composition
S ,! XS ’+
P
Tifi−! bM
is the map
Ext1O(M;M)! T0 bM
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induced from the obvious surjection
HomO(On;On+r)!Homk(kn; kn+r):
This concludes the proof of the proposition.
Using this proposition, we get the following result.
Theorem 2.2. Let M be a torsion free O-module. The singularity locus in the semi-
universal deformation is irreducible (and reduced). The same is true for each of the
strata Zk ; projections of the Fitting strata on the total space.
Proof. This follows from the fact that the singularity locus and its stratication are
obtained by projecting the Fitting stratication of Sing(M). On the other hand, the
Fitting stratication of Sing(M) is just the pull back via the smooth morphism of
Proposition 2.1 of the rank stratication in bM, a stratication known to have irreducible
and reduced strata.
Remark 2.3. Note that one can deduce the codimension of the singularity locus and
the codimension of each of the strata Zk using Proposition 2.1, since one knows the
codimension of the rank loci in matrix spaces. The smallest codimension is in the case
of a module of rank 2, where the singularity locus has codimension one.
Example 2.4. Below are a few examples in rank 2.
(a) Consider the O-module mO, where m is the maximal ideal of O. One has an
isomorphism Ext1(mO;mO)=Ext1(m;m)Ext1(m;O): A semi-universal defor-
mation M of mO is described as follows:
0!O<T1; T2=
(−y+T1 ; x+T2 ;T3)−−−−−−−−−! O<T1; T2=3!M! 0:
In particular, the singular locus in the base is dened by (T1; T2), and corresponds
to Ext1(m;m). The corresponding deformations are induced from moving the point
(say in A2) out of the origin (Note that in general, given a O-module M of the form
I N , where I is an ideal of O of colength n, the term Ext1(I; I) in Ext1(M;M)
corresponds to deformations of the factor I of I N and can thus be identied with
the tangent space at I of the Hilbert scheme, say Hilbn(A2)). Such deformations are
thus the only deformations of M to a non-locally free module (compare Lemma 4.2).
The one-dimensional component Ext1(m;O) gives the smoothing deformation.
Such a singularity is generic, in the sense that any torsion-free O-module can be gen-
eralized to mO (compare Theorem 4.4). Consider, to illustrate this, the O-submodule
of O2 consisting of all (f; g) with f(0)= g(0) and with
@f
@y
(0) +
@g
@x
(0)= 0:
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This O-module has a resolution
0!O
 
x2
xy
y2
!
−! O3!M ! 0;
corresponding to the generators (0; y); (y;−x); (−x; 0) of M . The base space of a semi-
universal deformation M of M is of dimension 9, say Spec k<a1; a2; a3; b1; b2; b3; c1;
c2; c3= and a presentation matrix for M is0@ x2 + L1xy+ L2
y2 + L3
1A ;
where Li= aix + biy + ci. (To see this proceed as in the proof of Proposition 2.1.)
In order to generalize M to mO, one nds a family of 3 polynomials of degree
 1, L1(t), L2(t), L3(t) with Li(0)= 0 and such that, for t 6=0, the polynomials x2 +
L1(t); xy+ L2(t) and y2 + L3(t) cut out (scheme theoretically) the origin in A2. The
induced deformation will do the job.
(b) Consider the O-module mm. From its minimal resolution, one can compute a
semi-universal deformation:
0!O<T =2
0B@ x + T11 T12y + T21 T22T31 x + T32
T41 y + T42
1CA
−−−−−−−−−−−−! O<T =4!M! 0;
with O<T ==O<Tij; i=1; 2; j=1; : : : ; 4=. The ideal of the singular locus Z2 is obtained
by intersecting the ideal of the 2-minors of the matrix in the resolution of M with
k<T =. One nds that Z2 is a divisor with equation
T12T 221T31 − T11T21T22T31 − T 222T 231 + T21T22T31T32 − T11T12T21T41 + T 211T22T41
+2T12T22T31T41 + T12T21T32T41 − 2T11T22T32T41
+T22T 232T41 − T 212T 241 − 2T12T21T31T42
+T11T22T31T42 − T22T31T32T42 + T11T12T41T42 − T12T32T41T42 + T12T31T 242:
On the other hand, the ideal of the smallest stratum Z3 is obtained by intersecting
the ideal generated by the entries of the matrix in the resolution of M with k<T =. One
obtains the ideal (T12; T31; T41; T22; T11−T32; T21−T42). The smallest stratum Z3 can thus
be identied with Spec k<T11; T21= and the restriction of the semi-universal deformation
to Z3 is then
0!O<T11; T21=2
0B@ x + T11 0y + T21 00 x + T11
0 y + T21
1CA
−−−−−−−−−−−−! O<T11; T21=4!M! 0:
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In other words, the only way to generalize mm to a module which still has a singu-
larity minimally generated by 4 local generators, is to move the point out of the origin
(compare Lemma 4.2 for a generalization). Such a singularity is generic for singular-
ities with at least four minimal local generators (compare Theorem 4.4). Consider, to
illustrate this, the O-module M =(x2; y)m. A semi-universal deformation M of this
module can be computed from a minimal resolution. One obtains
0!O<T =2
0B@x
2 + T1x + T2 T8
y + T3x + T4 T9
T5 x + T10
T6x + T7 y + T11
1CA
−−−−−−−−−−−−−−−−! O<T =4!M! 0;
with O<T ==O<T1; : : : ; T11=. We want to look at the smallest stratum Z3 in Spec k<T =. Its
ideal, say I , is obtained by intersecting the ideal generated by the entries of the matrix
in the resolution ofM with k<T =. One obtains the ideal (T5; T8; T9; T7−T6T10; T4−T11−
T3T10; T2 − T1T10 + T 210). The smallest stratum Z3 =Spec k<T = =I can thus be identied
with Spec k<T1; T3; T6; T10; T11= and the restriction of the semi-universal deformation to
Z3 is given by the matrix
0BB@
(x + T10)(x + T1 − T10) 0
y + T11 + T3(x + T10) 0
0 x + T10
T6(x + T10) y + T11
1CCA :
Deformations with T6 = 0 are of the form It mt with It a deformation of (x2; y)
and mt a deformation of m, with the extra condition It mt . On the other hand,
deformations with T6 6=0 generalize (x2; y)m to a singularity of the form m2O if
2T10−T1 = 0 and to a singularity of the form mm if 2T10−T1 6=0. In particular there
is an open set in Z3 corresponding of modules with one singularity of form mm
(but moving out of the origin if T10 or T11 is non zero).
3. Local birationality
We have stratied the base space of a semi-universal deformation of a given torsion-
free module by projecting the Fitting stratication of the total space. Having looked
at the Fitting stratication in the previous section, we now turn to the projection map.
We will prove the following result (compare also Remark 3.6).
Theorem 3.1. Let M be a torsion-free O-module of rank r 2 and let M be a semi-
universal deformation of M; with base (S; s). Let fWk; k  rg be the Fitting strati-
cation of Sing(M) in the total space. The projection from the total space to the
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base induces morphisms
Wk ! S; k  r
which are all birational onto their image.
The proof of this result will occupy the rest of the section. Our strategy will be to
show that, since the dimension of the Wk is strictly smaller than the dimension of the
base space, a \general" coordinate change on the total space leaving the special ber
invariant will bring the Wk into \good position" with respect to the projection (compare
Proposition 3.2 below). The induced deformation will of course still be semi-universal.
The following result will be the main ingredient in the proof.
Proposition 3.2. Let W be an integral subscheme of Spec k<x1; : : : ; xp+q= such that the
restriction to W of the projection Spec k<x1; : : : ; xp+q=!Spec k<x1; : : : ; xq= induces a
nite morphism. Suppose that dim (W )<q. Then we can nd q power series h1; : : : ; hq
in k<x1; : : : ; xp+q= such that:
(i) The hi generate the ideal (x1; : : : ; xq) (in other words they cut out the special
ber of the projection).
(ii) The hi induce a morphism W !Spec k<x1; : : : ; xq= which is birational onto its
image.
Moreover; if Vd denotes the vector space of polynomials of degree d in the ideal
(x1; : : : ; xq) of k<x1; : : : ; xp+q=; then; for any d 2; q general elements in Vd satises
(i) and (ii) above.
Proof of Theorem 3.1 assuming Proposition 3.2. We know that the base space of the
semi-universal deformation of M is smooth, say S =Spec k<T = with T =(T1; : : : ; Tq).
By the above proposition, we can nd q power series h1; : : : ; hq in k<x; y; T = that induce
a birational map Wk ! S for k  r and that cut out the special ber of the projection.
We have an induced automorphism
k<x; y; T =! k<x; y; T =;
that sends Ti on hi. We denote by 	 the corresponding automorphism of XS .
We have thus a commutative diagram:
where the vertical arrow is just the projection, and the diagonal arrow is the map
induced by the hi (and in particular maps each of the Wk birationally onto its image).
We set M0=(	−1)M. By our hypothesis that the hi cut out the special ber of
the projection, we have that M0 is still a deformation of M . The strata of the Fitting
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stratication, say W 0k of Sing(M
0) are just given by W 0k =	(Wk). By construction the
projection induces a birational morphism from W 0k onto its image, for k  r. Since the
hi are general, M0 is still a semi-universal deformation of M , and so the projection
had to induce birational morphisms to start with.
For the proof of Proposition 3.2, we start by giving a criteria for a nite map
between integral schemes to be birational. Given a separated morphism f :W ! Z , we
will denote by (W ) the closed subscheme of the ber product W Z W , image of the
diagonal morphism  :W !W Z W .
Lemma 3.3. Let f :W ! Z be a nite separable surjective map of nite-dimensional
integral noetherian schemes. Suppose that all the components of the ber product
W Z W other than the diagonal (W ) have dimension smaller than the dimension
of W . Then the map f is birational.
Note that the separability condition in the lemma means that the diagonal (W )
appears in W Z W with multiplicity one (generically).
Proof of the lemma. It suces to establish the claim when W and Z are ane, say
W =Spec B and Z =Spec A. We denote by L and K the quotient elds of B and A.
By hypothesis, in B⊗A B, one has a primary decomposition
0=Q1 \Q2 \    \Qr;
where Q1 is I(B) primary and all the other dene components of smaller dimension.
Note that L=B⊗A K and that L⊗K L is a localization of B⊗A B at the multiplicative
system S = fa⊗ 1 j a nonzero in Ag. The ideal I(L) of the diagonal in L⊗K L; under
this identication, is just S−1I(B).
Next, we claim that S \Qi 6=0, i=2; : : : ; r. In fact, since A!B⊗A B is nite and
dim(B⊗A B=Qi)< dim(B)= dim(A), we have that the contraction Qi \A 6=0. Given a
nonzero in Qi \A, the element a⊗ 1 is then in S \Qi.
This in turn implies that in L⊗K L; one has the primary decomposition 0= S−1Q
which is I(L) primary. In particular the nilradical in L⊗K L is just I(L). Our separa-
bility hypothesis implies that L⊗K L is reduced. We deduce that I(L) = 0 and hence
L⊗K L= L. This implies that L is a K-vector space of dimension 1, and concludes the
proof.
To prove Proposition 3.2, we will show that q general polynomials in Vd will induce
a separable morphism onto its image W !Spec k<x1; : : : ; xq= such that the diagonal
condition in Lemma 3.3 is satised.
We x a system of generators (f1; : : : ; fs) of the dening ideal of W in k<x1; : : : ; xp+q=.
We will denote by B the ring OW = k<x1; : : : ; xp+q= =(f1; : : : ; fs) and by A the ring
k<x1; : : : ; xq=.
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Lemma 3.4. Let W be as in Proposition 3.2. Let h1; : : : ; hq be general in Vd; where
d 2. Then the morphism W !Spec k<x1; : : : ; xq= induced by the hi is separable (onto
its image).
Proof of Lemma 3.4. We have to show that the module of dierential 
B=A is a
B-module of rank zero. This module is the cokernel of the canonical map 
A⊗A B!
B
induced by the dhi. Note that these two modules are not of nite type. Completing,
on the other hand, yields B-modules of nite type (the universally nite modules of
dierentials), but does not change 
B=A, since A!B is nite (this is the case if the hi
are general).
We have thus that 
B=A is the cokernel of the map, say ’ : b
A⊗A B! b
B, induced
by the dhi.
We have isomorphisms (cf. [3, Chapter 0, Section 22])
b
A⊗A B=MB dyi ;b
B=MBdxi
,*X @fj
@xi
dxi
 j=1; : : : ; s
+
:
The map ’, under these isomorphisms, is induced from the jacobian matrix (@hj=@xi).
We want to prove that the module 
B=A⊗B L vanishes, where L denotes the quotient
eld of B. We have to show that the map
qM
i=1
L dyi
’⊗L−!
p+qM
i=1
Ldxi
,*X @fj
@xi
dxi
 j=1; : : : ; s
+
is onto. Since k is algebraically closed, we know from [3, Eq. (21.9.8)] that the
right-hand vector space is of dimension dim(B); which is strictly smaller than q by
hypothesis.
Consider now the map  from Vd   Vd to the L-vector space Mq;p+q(L),
which sends (h1; : : : ; hq) to the jacobian matrix (@hj=@xi).
Since A!B is a nite morphism, there must exist xj with 1 j q which does not
vanish on W , and in particular which is nonzero in L. Using this one easily checks that,
as soon as d 2, the image of the map  contains a basis of Mq;p+q(L). In particular
this image is dense and, hence, must meet the nonempty open subset(
A2Mq;p+q(L) j Im(A) +
*X @fj
@xi
dxi
 j=1; : : : ; s
+
= Lp+q
)
:
This concludes the proof of the lemma.
Next we need to consider the diagonal condition in Lemma 3.3. Given q general
power series in Vd, the induced morphism A!B is nite. Since B=A is nite, the ring
B⊗A B is complete, and hence is the quotient of the completed tensor product B b⊗k B
by the ideal generated by the hj ⊗ 1− 1⊗ hj. Recall also that B b⊗k B is isomorphic to
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the quotient of k<x1; : : : ; xp+q; x01; : : : ; x0p+q= by the ideal generated by the fi(x1; : : : ; xp+q)
and the fi(x01; : : : ; x
0
p+q), i=1; : : : ; s.
Lemma 3.5. Let Q be in Spec(B b⊗k B) not supported on the diagonal (i.e. Q does
not contain the ideal generated by the classes of the xi − x0i ; i=1; : : : ; p + q). Then
for any d 2 and a general h in Vd; the element h⊗ 1 − 1⊗ h does not belong
to Q.
Proof. We pull back everything on the corresponding ane spaces, where the statement
will become obvious. Namely we consider the composition morphism
k[x1; : : : ; xp+q; x01; : : : ; x
0
p+q]! k<x1; : : : ; xp+q; x01; : : : ; x0p+q=!B b⊗k B
and the corresponding prime ideal Qc, the contraction of Q in k[x1; : : : ; xp+q; x01; : : : ;
x0p+q]. The ideal Q
c does not contain the ideal generated by the classes of xi− x0i ; i=1;
: : : ; p+ q. In other words, the corresponding irreducible subset of Ap+qAp+q is not
contained in the diagonal.
Moreover, note that by our niteness hypothesis, Q does not contain the ideal gen-
erated by the classes of the xi and of the x0i ; i=1; : : : ; q. The same is thus true for Q
c
in k[x1; : : : ; xp+q; x01; : : : ; x
0
p+q].
Therefore we will be done if we can prove the corresponding ane statement: Let Z
be irreducible in Ap+qAp+q. Suppose that Z is not contained in the diagonal, and
that Z is not contained in (0Ap) (0Ap). Then for any d 2 and a general h
in Vd, the function h⊗ 1− 1⊗ h does not vanish identically on Z . This is easy, by
denition of Vd and is left to the reader.
Proof of Proposition 3.2 (Conclusion). Given any d 2, consider q general elements
in Vd. They clearly generate the ideal (x1; : : : ; xq). By Lemma 3.4, the correspond-
ing morphism is separable (onto its image). Finally, using repeatedly the avoidance
Lemma 3.5, we can also assume that the diagonal condition in Lemma 3.3 is satised,
and this concludes the proof.
Remark 3.6. Using similar methods, in particular the avoidance argument in
Lemma 3.5, one can prove the following complement to Theorem 3.1: given i; j with,
say i<j, no component of WiS Wj other than the \diagonal" (Wj) dominates Zj.
4. Generic singularities with xed number of generators
The results of the preceeding sections indicate that, given a torsion-free O-module M ,
say of rank r, minimally generated by, say n+ r sections, and an integer l with
1 l n, there is a \generic" deformation of M to a module with precisely one sin-
gularity and generated by n+ l sections at this singularity. In what follows we want
to be more specic, and describe these \generic" singularities.
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Consider a torsion-free O-module of rank r. Such a module is always the kernel of
a surjection
Or !K
with a nite-length module K (namely M__=M). If we denote by N the kernel of the
induced surjection k[x; y]r !K , we have N ⊗k[x; y] k[[x; y]]=M . In other words any
torsion-free O-module is extended from a k[x; y]-module, locally free on A2 minus the
origin (0,0). Moreover, one can check that any two such k[x; y]-modules are isomorphic
if and only if their completion at the ideal (x; y) yields isomorphic O-modules. We
will use this implicitly later on.
A torsion-free k[x; y]-module, locally free outside the origin in A2, is obtained as
the cokernel of a map described by a matrix of polynomials. In the following, we are
going to deform such modules without moving the singularity out of the origin, so we
will nd it convenient to work with family of matrices of polynomials, and state the
results (e.g. Theroem 4.4) in terms of torsion-free k[x; y]-modules with a singularity
at the origin.
4.1. The modules M[r; l]
Let r and l be integers. There are unique integers p; r1; r2 which satisfy r= r1 + r2
and l=pr1 + (p+1)r2. We will denote by M[r; l] the module
M[r; l] = (mp)r1  (mp+1)r2 (with m0 =O):
Depending on the context, we will view M[r; l] as a k[x; y]-module or as a O-module,
without explicitly mentioning it. Note that M[r; l] is of rank r, and is minimally generated
by l+ r elements. More precisely, recall that the minimal resolution of mn is as follows:
0!On
0BBBBBBBB@
x 0  0 0
y x  0 0
0 y  0 0
...
...
0 0  x 0
0 0  y x
0 0  0 y
1CCCCCCCCA
−−−−−−−−−−−−−!On+1!mn! 0:
A minimal resolution of M[r; l] is thus a direct sum of such resolutions, in other words,
0!Ol L[r; l]−!Or+l!M[r; l]! 0;
where L[r; l] is a matrix with r blocks of the above type in the diagonal.
The following lemma is a rst indication of the \genericity" of the modules M[r; l]
(compare Proposition 4.3 for a more general statement).
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Lemma 4.1. Let L be a general (r+ l) l matrices of linear forms. Then L is
equivalent; via the action of GLl(k)GLl+r(k); to the matrix L[r; l].
Proof. This is just a dimension count. The space of (r+ l) l matrices of linear forms
is of dimension 2l(r+ l) while the dimension of GLl(k)GLl+r(k) is (l+ r)2 + l2.
On the other hand one can explicitly compute the stabilizer of L[r; l] and check that it
is of dimension r2. The orbit of L[r; l] is thus dense in the space of matrices of linear
forms.
We describe now a semi-universal deformation of the O-module M[r; l].
Using the fact that one can identify Ext1O(M[r; l]; M[r; l]) with the set of O-morphisms
between Ol and Ol+r modulo those morphisms of the form A L[r; l]−L[r; l] B, one
obtains, after some computation an isomorphism
Ext1O(M[r; l]; M[r; l])=Homk(kl; k r+l)
(it is essential here that the powers of m involved dier at most by one). In particular,
the base space of the semi-universal deformationM of M[r; l] is S =Spec k[[Tij]]; (i=1;
: : : ; l+ r; j=1; : : : ; l), and a presentation matrix (with coecients in O[[Tij]]) for M
is the matrix obtained by adding the generic matrix (Tij) to the matrix L[r; l]. Note that
this generalizes (a) and (b) in Example 2.4.
The following lemma, states that there is no non-trivial way to deform M[r; l] to
a module which still has a singularity minimally generated by r+ l elements and
located at the origin.
Lemma 4.2. Let M0 be a deformation of M[r; l]; parameterized by; say S 0. Suppose
that there is an inclusion Fittr+l−1(M0) (x; y)OXS0 . Then the deformation is trivial.
Proof. Consider the stratication Zl+r−1Zl+r−2   Zr of S, base of the semi-
universal deformation of M[r; l], as in Denition 1.8. The codimension of each stra-
tum can be determined, as in Remark 2.3. In particular, one nds out that Zl−r+1,
the smallest stratum, is two dimensional. But this smallest stratum obviously contains
the deformations induced from the translations in A2, in other words, the deforma-
tion parametrized by, say Spec k[[U; V ]], obtained from replacing x by x+U and y
by y+V in the matrix L[r; l]. We deduce that Zl+r−1, being irreducible, is equal to
Spec k[[U; V ]], or more precisely, to the corresponding locus in S =Spec k[[Tij]]. In
other words, the only non-trivial way to deform M[r; l] within Zr+l−1 (i.e. to a module
which still has singularities that require r+ l generators) is to move the point out of
the origin in A2.
Now M0 is induced, via a morphism S 0! S, from the semi-universal deformation of
M[r; l]. The hypothesis about the entries of the matrix imply that the scheme dened by
Fittr+l−1(M) projects onto S 0. This implies that the morphism S 0! S actually lands
in Zr+l−1.
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From the above considerations we conclude thatM0 is induced from the deformation
x 7! x+U; y 7!y+V via a morphism S 0!Spec k[[U; V ]]. But one can check now
that, with our hypothesis (which implies that the singularity is not moving out of the
origin), this morphism has to be constant.
As a corollary, we obtain the following \genericity" result for M[r; l], which is a gen-
eralization of Lemma 4.1.
Proposition 4.3. Let W be an irreducible k-scheme; and let F be a sheaf of OA2W -
modules with a presentation
0!OnA2W !On+rA2W !F! 0:
For each w in W; denote by Fw the k[x; y]-module FjA2w. Suppose that the fol-
lowing holds:
(a) Fw0 =M[r; l]; for some w0 in W .
(b) For all w in W; the module Fw has a singularity; minimally generated by at
least r+ l elements; at the origin.
(c) For a general w in W the module Fw is locally free outside the origin.
Then for a general w in W; one has Fw =M[r; l].
Proof. Denote set S =Spec bOW;w0 , and XS =Spec bOA2W; (0;0); w0 . We obtain an OXS -
module, say M, by completing F at ((0; 0); !0). By Hypothesis (a), M is at over S
and is a deformation of M[r; l].
On the other hand Hypothesis (b) implies that there is an inclusion Fittr+l−1(M)
(x; y)OXS . By Lemma 4.2, we obtain that M is a trivial deformation of M[r; l]. In other
words, if we set G=p(M[r; l]), with p the projection from A2W onto A2, then
the completions at ((0; 0); w0) of F and G are isomorphic. By Lemma 5.8 of [4], we
deduce that the Zariski germsF(0;0); w0 and G(0;0); w0 are isomorphic, or equivalently, that
there is a Zariski open set containing ((0; 0); w0), where these modules are isomorphic.
Now intersecting the projection on W of this open set with the open set given by
Hypothesis (c), yields an open set in W with the desired property.
4.2. Deformation results
In this paragraph we show that one can generalize a given k[x; y] module, locally
free outside the origin, to various M[r; l] without \breaking" the singularity.
Theorem 4.4. Let N be a torsion-free k[x; y]-module of rank r 2 locally free outside
the origin and minimally generated by n+ r elements at the origin. Then for any l
with 0 l n; there exists a at family Nt (parametrized by A1); such that N0=N
in a Zariski neighborhood of the origin; and Nt =M[r; l] for a general t.
Theorem 4.4 together with Proposition 1.4 and Remark 1.5 have the following corol-
laries. Given a sheaf F on a surface Y locally free outside fy1; : : : ; ysg and with Fyi
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minimally generated by ni local sections (where we can assume n1 n2    ns), we
will then say that F is of type (n1; : : : ; ns).
Corollary 4.5. Let F be a torsion-free sheaf of rank  2 on a smooth projective
surface Y; locally free outside fy1; : : : ; ysg and of type (n1; : : : ; ns). Assume that
H 2(Y; Hom(F;F))= 0. For any (l1; : : : ; ls) with li ni; i=1; : : : ; s; there is a at fam-
ily Ft ; such that F0=F and Ft ; for a general t; is locally free outside fy1; : : : ; ysg;
and with singularity at yi isomorphic to M[r; li].
Corollary 4.6. The locus in the moduli space of torsion free Giesker stable sheaves
on P2 with a xed Hilbert polynomial which parametrizes torsion-free modules of
a given type (n1; : : : ; ns) is irreducible.
Proof. Indeed by Corollary 4.4 it suces to show that the family of sheaves with
s singularities of type M[r; ri]; i=1; : : : ; s is irreducible. Now any such torsion-free F
yields an exact sequence
0!F!F__!K! 0;
whereF__, the bidual, is a stable vector bundle of xed Hilbert polynomial (and hence
moves in an irreducible family), and the cokernel K , is a direct sum of s skyscraper
sheaves of the form O=mp   O=mp+1 (and hence also moves in an irreducible
family).
Remark 4.7. Note that one cannot drop the cohomological condition in Corollary 4.5.
Consider for instance the sheaf F=mO(−n) on P2. If n is suciently large, one
has
Ext1(F;F)=Ext1(m;m):
In particular the image of the map
Ext1(F;F)!H 0(P2;Ext(F;F))
consists only of the local deformations moving the point out of the origin. In other
words the smoothing deformation (compare Remark 2.4) does not extend to a global
deformation, i.e. the sheaf mO(−n) is not smoothable.
Proof of Theorem 4.4. By choosing n+ r sections of N which generate this module
at the origin, we obtain a (n+ r) n matrix of polynomials, say (Gij), whose cokernel
denes a torsion-free k[x; y] module isomorphic to N in a Zariski neighborhood of
the origin. We want to deform this matrix. Let l be as in the theorem. Dene W to
be the ane variety of all (n+ r) n matrices (Fij), with coecients Fij in k[x; y]
of a xed bounded degree (bigger than the degree of all the Gij), and such that the
matrix (Fij(0; 0)) is of rank  n− 1.
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Theorem 4.4 will be proven if we can show that a general element w in W denes
a k[x; y]-module Mw isomorphic to M[r; l]. Indeed, any line in W joining the matrix
w0 = (Gij) to a general element w in W will do the job.
We want to apply Proposition 4.3. Obviously, Hypotheses (a) and (b) are satised.
It remains to establish the following claim:
For a general element in W, the module Mw is locally free outside the origin in A2.
In other words, we have to show that for a general w in W the ideal of the maximal
minors of the corresponding matrix denes a subscheme of A2 supported at the origin.
Given w in W, there is an induced map fw :A2!M, where M is the ane space
of all (n+ r) n matrices with coecients in k. Let us denote by D the locus in
Mn+r; n of matrices not of maximal rank. We have to show that for a general w in W,
the preimage of D in A2 is supported at the origin (note that by denition of W, this
preimage obviously contains the origin).
Equivalently, if  w denotes the corresponding graph in A2M, we have to show
that for a general w the intersection  w \ (A2D) is supported at ((0; 0); fw(0; 0)).
Note that  w is dened in A2M by the equations yij −Fij(x; y), where yij are
coordinates on M and the Fij are the entries of w.
Now the claim follows easily from the fact that the codimension of D in M is
at least three. Indeed, given any ((x0; y0); B) in A2M, with (x0; y0) dierent from
the origin in A2, and any (i; j), a general Fij with Fij(0; 0) xed, will be such that
yij −Fij(x; y) is nonzero on ((x0; y0); B). Using this avoidance statement repeatedly one
shows that a general w with fw(0; 0) being xed does the job. The claim follows from
this.
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